Along the x-axis, or axis of symmetry, along the two circular disks x= ±X, O^y^Y comprising the nose and tail of the obstacle, and along the free streamline joining these disks in the meridian plane, the Stokes stream function \p vanishes, In the physical interpretation of the Riabouchinsky model, the free surface is to be thought of as a surface of discontinuity separating the moving liquid from a vapor cavity which is considered to be at rest. The principal difficulty encountered in the mathematical analysis of the model lies in finding the shape of the free streamline, which is presumably determined by the extra boundary condition (3) . The cavitation parameter cr, which gives a dimensionless measure of the difference between the pressure at infinity and the pressure in the vapor cavity, varies monotonically with the distance 2X between the two disks generating the obstacle, for a fixed choice of their radius F, and hence its determines the size of the cavity.
We shall be interested in developing a systematic, and at the same time practical, procedure for calculating the stream function \p characterized by the conditions (1), (2) , (3) and (4) . The first possibility which suggests itself is to attempt to derive a construction of \[/ from the proof of the existence of the solution of the axially symmetric free surface flow problem [2] . The existence proof is based on a variational principle which states that the flow with a free boundary fulfilling (3) is the one which solves the extremal problem (5) 4ra -(1 + o)V = minimum among all flows yp of the above type satisfying (1), (2) and (4) alone, where a and a are defined by (4) and where V denotes the volume of the varying obstacle. This minimum principle does not actually lead to a useful construction of the flow pattern, but merely serves to indicate that the stationary functional on the left in (5), which represents the energy of the motion, can be estimated from above with exceptional accuracy by computing the corresponding quantity for the flow past an obstacle whose boundary approximates the true free surface. Although the energy is in general a quantity of secondary physical interest in hydrodynamics, it turns out that for our special example of the steady state cavity flow past a circular disk we can express the drag in terms of Awa -(l+cr)V and thus can apply the result (5) effectively. We define the drag coefficient CD~CD(V) by the formula (6) _*._!_£ rvüy* l+o-F 2 Jo \dnj y where the integral is evaluated over only one of the circular disks forming the obstacle. The dimensionless coefficient CD is a measure of the pressure force acting on this disk, which is to be thought of as the actual body placed in the fluid, whereas the remaining disk should be interpreted as an idealization of the turbulent wake at the opposite end of the cavity. The relation between the drag and the energy for flow past a circular disk can be written in the form
and it obviously permits us to obtain from the variational principle (5) good lower bounds on the drag coefficient CD whenever the cavitation parameter a is known in terms of X and F. Contour integration yields an easy proof of the identity (7). We note that, together with \J/, the function <t>=oc^/ x +y^/ y is also a solution of (1) . Hence, letting s denote arc length, we have r / d4> fy\ds
an/ y whenever the path of integration is a simple closed curve surrounding a portion of the flow region. If we choose for this path a large semicircle and two segments of the #-axis, plus the intersection of the meridian plane with the two disks and the free surface bounding our obstacle, and if we allow the radius of the large semicircle to become infinite, we find readily that (8) leads to (7).
The relation (7) provides only one step toward a description of the cavity flow past a disk. A disadvantage of the formula is that when X and Y are given, not only the coefficient a, but also the cavitation parameter <r must be calculated before an application can be made. Even after this has been done, a loss of significant figures can result from the cancellation on the right between the relatively large terms (1+cr) V and 4wa. Thus we turn in the next section to a completely independent, and in practice more effective, attack on the free boundary problem which, however, has not yet produced a rigorous proof of the existence of the solution.
2. Stationary combination of the boundary conditions. As we pointed out earlier, the main trouble in solving the boundary value problem (1), (2) , (3), (4) is our ignorance of the position of the free surface. In order to overcome this difficulty, we find a linear combination of the two boundary conditions (2) and (3) which is stationary with respect to normal displacements of the free streamline. This enables us to derive a decisively improved approximation to the free boundary from any reasonably chosen first guess and thus to set up a rapidly convergent iterative scheme for the solution of the problem.
On the free streamline we can rewrite the differential equation ( an \ y on y / We can combine (2) and (3) on the free streamline to obtain
-f-+ -*=l y dn y there, and (10) shows that this particular boundary condition is stationary in the sense that a shift of the free boundary by an infinitesimal amount on along its inner normal results in an error of the order of magnitude (ön) 2 in the relation (11), with the relevant quantities evaluated along the displaced curve. Thus the solution ^ of the boundary value problem defined by the partial differential equation (1) , by the boundary condition (2) imposed along the x-axis and on the circular disks bounding our obstacle, by the asymptotic expansion (4) at infinity, and by the boundary condition (11) im-posed along an approximation to the free streamline corresponding to a normal shift of the true curve by the amount on, yields an approximation for the stream function of the actual free surface flow with an error of the order of magnitude (On) 2 . On our first approximation to the free boundary, the stream function \[/ found in the above manner will not in general vanish, and, indeed, the quantity (12) on = -\f//y is easily seen to represent a normal shift that carries this first guess into a second approximate free streamline which is accurate up to terms of the order (on) 2 . We can repeat the construction of \[/, using this improved form of the free surface, to obtain a third approximation with an error of the order (on)*, and so forth. Thus an iterative procedure, based essentially on linearization, is established for the solution of the free boundary problem. The convergence of the method is quite rapid, since the error is virtually squared at each successive step.
It should be pointed out that in mathematical examples the geometric parameters X and Y will be given rather than the cavitation parameter <r, which appears in the expansion (4) . No real difficulty is involved here, since it is known [l] that the stream function \f/ has at the point of separation (X, Y) of the free streamline from the fixed boundary a regular series expansion in terms of the real and imaginary parts of the complex variable (x+iy-X-iY) 1/2 , and since the boundedness of the velocity of the flow thus implies the nontrivial requirement (13) lim
there, which suffices to determine a uniquely. In practice it is best to sharpen (13) by adding the more precise condition 1 # (14)
--I = 1 y on at the point of separation.
The boundary value problem defined by (1), (4), (11), (13) and (14), plus (2) along the fixed boundary, has a unique solution, and we have found in specific applications that it overcomes quite effectively the difficulty arising because the shape of the free boundary is not given in advance. Thus there only remains to discuss a linear mixed boundary value problem in a specific domain. The following section will be devoted to a numerical treatment of this in principle simpler question.
Numerical analysis of the flow pattern.
The method we shall use to solve numerically the boundary value problem (1), (4), (11), (13), (14), with (2) prescribed along the fixed boundary, consists in expressing the stream function ^ as a linear combination
of suitable known solutions pj of (1) with coefficients Xy determined by the requirement that the boundary conditions be satisfied in the sense of a least squares approximation at M>N properly selected points. We thus choose the simplest, most direct type of interpolation to fit the boundary conditions in preference, for example, over that based on the Dirichlet integral associated with the partial differential equation (1), since we can thus avoid numerical integration and the resulting difficulties with accuracy. We reject two other less promising approaches for the solution of our boundary value problem, namely, the method of integral equations and the method of finite differences. It would be quite tedious to calculate with sufficient accuracy the integrals involved in the first of these two methods because of the logarithmic singularity of the kernel associated with the differential equation (1), and thus the computational work would considerably exceed what we are prepared to undertake here. The same criticism of prohibitively onerous calculation applies even more strongly to the method of finite differences, and it is questionable whether relaxation should be attempted at all in cases, such as the one here, where many types of explicit solutions of the differential equation are known. The principal disadvantage of the interpolation technique based on (15) which we intend to use is that its accuracy is worst at the boundary, but this drawback is offset by the rapid over-all convergence of the procedure. It should be noted, furthermore, that the parameters a and a appearing in the formula (7) for the drag coefficient CD can be computed exceptionally well by our method.
For a first guess of the shape of the free boundary we choose an affine transformation of the free streamline of the relevant plane Riabouchinsky flow past a flat plate. This curve can be described completely in terms of the Jacobian elliptic functions sn t, en t, dn t and zn t, whose modulus we denote by k. Thus our first approximation of the free boundary has the form
where ft* is the complementary modulus such that ft* 2 +ft 2 = l, where K and E are the complete elliptic integrals of the first and second kinds with modulus ft, where K* and E* are the complete elliptic integrals of the first and second kinds with modulus ft*, and where j8 is a parameter associated with the above affine mapping. The variable / ranges over the interval -i£ = / = i£, and the coordinates X and Y of the point of separation are given by
For our numerical example we assign to X and Y specific values by setting ft = .96. Furthermore, we take |8 = .25629688 on the basis of earlier calculations [l ] which are equivalent, in effect, to one iteration of the scheme outlined in the previous section. The second iteration, to be discussed here, will yield an adequate description of the physical phenomena connected with the free surface flow problem.
To define solutions of (1) x -X = *r*(* ~ K)(EK- We shall take N = 20 as the number of explicit solutions pj of (1) to be used in the present application of the approximation (IS) for the stream function \}/. Let
We choose as our twenty solutions pj the functions (25) represent flows with appropriate square root singularities at the point of separation; the source and sink functions (27) are familiar in the theory of flows past long, slender bodies of revolution; and, finally, the spherical harmonics (28) are designed to smooth out the more rapid oscillations in the error when we interpolate to fit the boundary conditions of our problem. The functions pi, • • * , p*o are all symmetric in the y-axis and all vanish on the x-axis. Thus it suffices to impose the boundary condi-tion (11) along the arc O^t^K of the approximate free boundary curve (16), (17), and it suffices to impose the boundary condition (2) along the segment x=X t O^y^Y.
Our formulation of the problem will give special attention to the requirement, essential in practice, that the boundary conditions be weighted near the separation point in a manner adapted to the square root singularity of the stream function there. Thus we interpolate at the points zi=xi+iyi on the free boundary corresponding to the values (l -l)K/36 of the parameter t, with Z = l, • • • , 36, and we interpolate at the points Zi-xi+iyi on the fixed boundary given by the relations We let 237 = *38, since we shall impose the extra boundary condition (14) at that point, and we agree to define the curvature K to be zero there. At each point z% we set In terms of these quantities, our least squares approximation to the boundary conditions (2), (11), and (14) reduces to the extremal problem We computed the values of the coefficients bu Cij and dij to six or seven significant figures on an IBM Card-Programmed Electronic Calculator, and various tricks of numerical analysis were used to P. R. GARABED1AN [May avoid loss of accuracy in the results. The di, for 39^/^61 and the Cij for 1^/^36 were computed in addition to the a%j because they are needed for the calculation of the drag coefficient (6) and the normal shift (12) correcting the shape of the free boundary. The linear equations (34) were solved for the Xy on an IBM Type 650 Magnetic Drum Data-Processing Machine, and thus the complete numerical solution of our boundary value problem was obtained.
A few comments should be made about the difficulties encountered in the numerical work. Although the conglomeration of solutions (25), (26), (27), (28) of (1) was selected on the basis of a good deal of experience and practical intuition concerning functions which would best represent an axially symmetric free surface flow, it was nevertheless impossible to avoid the occurrence of a certain amount of cancellation among the numerous terms on the right in our expression (15) for the stream function \f/. Such cancellations are always to be expected when we expand the solution of a boundary value problem defined in a peculiarly shaped domain in terms of functions which bear no direct relationship to that domain. In the present example, these cancellations contributed in the worst cases a loss of as many as two significant figures in our calculations, and this outcome was reflected in relative smallness of the determinant of the system (34). Thus it was necessary to compute the coefficients aij with exceptional accuracy in the first place in order to obtain meaningful final results.
Interpretation of the data.
For the method sketched in the previous section, it is desirable to check numerically the convergence of the representation (15) as the number N of interpolating functions increases, and it is desirable to check that these functions have been evaluated at a sufficiently large number of points to describe all the oscillations of the error in fitting the boundary conditions. In our calculation we tested both these items by working out the solution of the problem using many different subsets of our basic system (25), (26), (27), (28) as was, of course, to be expected. However, it turned out that the determinant of the system (34) was so small when all twenty interpolating functions were used that it was preferable to omit the nineteenth, which appeared to be the least significant one. In Tables I, II and III we give the complete numerical data compiled from the solution based on the first sixteen interpolating functions, from the solution based on the first eighteen interpolating func-tions, and from the final solution based on all the interpolating functions except the nineteenth. In this section we shall discuss in detail the conclusions to be drawn from these results and our estimate of the errors involved.
The oscillating character of the distribution of values of the normal derivative d\[//ydn computed at the points z Z9 , • • • , sei along the obstacle appears to be the largest source of error. Such oscillations are to be expected for the type of numerical approximation we have used in calculating the stream function ^, and they should average out appreciably when we integrate to obtain the drag coefficient CD from (6). However, since the pressure distribution even fails to be monotonie, we shall carry through an alternate computation of CD based on the variational formula (7) and compare the answers found by the two different methods in order to establish their validity.
In applying (7), we shall use the value of the cavitation parameter a calculated on the basis of the stationary boundary condition (11), whereas we use values of the volume V and the virtual mass coefficient a which are obtained from the classical potential flow past the body bounded by the two circular disks x= ±X, O^ySY and the approximate free streamline (16) for the X*. By means of (35) and (36) we transform (7) into the approximate relation C D 13.3469 (37) « 11.7737 1 + 0-l + <r between the drag coefficient CD and the cavitation parameter <r. For the actual computation here, we substituted into (35) all the explicit flows (25), (26), (27), (28) except the nineteenth. This gave the result a = .0435088, whereas substitution of only the first eighteen flows gave a = .0435114 and substitution of only the first sixteen flows gave a = .0435182, which indicates that the numerical coefficients in (37) are exceptionally accurate.
From an earlier calculation [l] based on only ten solutions of (1) and based on a poorer choice of the stretching parameter (3 appearing in our approximation (16), (17) of the free boundary, we obtain the alternate numerical form
C D
12.6498 (38) = 11.1910 l + ol + <r of the variational formula (7), which is useful as a check on the reliability of our results because it is derived from data independent of the computations discussed in this article.
Theoretically, both formula (37) and formula (38) should yield lower bounds on the drag coefficient CD when a is given, but the errors in the data presented in the tables overshadow this effect. It is consistent with the variational theory that in each table the value of CD/(1 +<r) derived from (37) exceeds the corresponding value derived from (38), since (38) involves a less accurate choice of the free boundary. However, even in Table III the value of CD/(1+<T) found from (6) by direct application of Simpson's rule lies between the two values based on the variational formula (7), and the magnitude of the discrepancy here must serve as an estimate of the error occurring in our numerical evaluation of the cavitation parameter or and of the integral in (6). Within the margin of accuracy necessary for a physically significant description of the flow, the general extent of agreement between the results based on (6) and the results based on (7) suffices, on the other hand, to establish the reliability of the data.
A study of Tables I, II and III shows that there is a quite definite trend in the numerical data as the number N of interpolating functions is increased. Indeed, as N increases we observe that the corresponding values of the cavitation parameter a = 1/4X? -1 and of the scaled drag coefficient CD/(1+<T) decrease, as does also the cavity radius d, which is defined to be the value of y at the point on the free streamline where x = 0. A crude extrapolation based on the three examples presented in the tables indicates that the errors in the values of a and d/ Y listed in Table III do not exceed 1 per cent and that the true value of CD/(1+<T) must lie between .85 and .88. It is fair to say that the best estimates of these quantities which can be deduced from all the information compiled in our calculation are given by (17), and it is an easy matter to compute from this information the normal shift (12) which transforms the first guess (16), (17) of the shape of the free streamline into our final approximation to that curve. The quantity ~~\l//y 2 can, indeed, be interpreted as a scaled normal shift. We note that it is everywhere positive, indicating that the true free boundary lies above our first guess, while at the same time the normal shift listed in Table III remains small enough so that the final curve lies well below the corresponding plane free streamline, in agreement with general theory [l ] . The fact that when the index / increases the values of -ifs/y 2 increase significantly before they finally fall off toward zero near the separation point has the interesting interpretation that the axially symmetric free streamline is flatter at the wide section of the cavity than an affine map of the corresponding plane free streamline. This conclusion is consistent with Levinson's asymptotic formula [4] describing the shape of an infinite axially symmetric cavity. We remark that a quite accurate numerical solution of the mixed boundary value problem stated in §2 was required in order to provide a significant estimate of the normal shift.
Our calculation (39) of the scaled drag coefficient Ci>/(l+o*) combines with earlier investigations [l] to furnish a fairly complete picture of the dependence of this important physical quantity on the cavitation parameter cr. It was shown previously that Cp/(l+cr) increases monotonically from the approximate value .827 to the exact value 1 as <r increases from zero to infinity, and that the derivative of CD/(1+<T) with respect to a vanishes at cr = 0. The result (39) now serves to describe more precisely the rate of growth of the drag coefficient for intermediate values of cr, and, indeed, it would be possible to base on the above data an empirical formula for CD/(1+(T) in terms of <r which would be quite accurate in the physically relevant range.
It is interesting at this stage to compare the plot of the drag coefficient obtained in the above manner with the corresponding graphs of experimental measurements. Such a comparison shows that our figures exceed the experimental values by roughly 2 per cent, an outcome which actually signifies substantial agreement of theory with experiment. Furthermore, the noticeable increase in Ci>/(1 +cr) from .827 to .865 in the interval between <T = 0 and cr = .2235, which is considerably bigger than the corresponding increment encountered in the two-dimensional flow theory, explains a relatively large slope in the experimentally observed values of CD which has appeared heretofore to be rather puzzling.
The slight excess in the calculated values of CD/(1+O0 over the measured values may possibly be due to the effect of gravity, since experiments executed at high pressure indicate that an analogous discrepancy with theory (cf.
[l ]) in the determination of the contraction coefficient of a jet issuing from a circular orifice is caused by gravity. In fact, both the drag coefficient and the contraction coefficient can be expressed linearly in terms of an integral of the form involving the stream function \p of the relevant flow, and while a minus sign appears before the integral in the case of the drag coefficient, the corresponding sign for the contraction coefficient is plus. Thus, since the accepted experimental value .61 of the contraction coefficient exceeds by a few per cent the calculated value .58, the apparent effect of introducing gravity is to increase the value assigned to /, and if / were correspondingly augmented in a measurement of the drag coefficient influenced by gravity, we would expect the result to be a value slightly smaller than that given by (39), an outcome consistent with the actual facts.
In closing, we should point out that the drag coefficient CD and the cavitation parameter <r can be estimated from the variational formula (7) independently of the stationary boundary condition (11) formulated in §2. This is done simply by solving the two simultaneous equations (37) and (38), based on different approximations to the shape of the free surface, for a and CD* The answers obtained in this manner are a = .20 and CD/(1 +<r) = .62, and the large errors involved are merely a consequence of the sizeable cancellations which prove to be unavoidable in such an approach. The only advantage which can be claimed for this method is that it depends only on calculation of the virtual mass coefficient a, which is probably the easiest and most accurate numerical step we have undertaken. 
